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Laser-beam scintillations for weak and moderate turbulence
R. A. Baskov∗ and O. O. Chumak
Institute of Physics of the National Academy of Sciences of Ukraine,
pr. Nauky 46, Kyiv-28, MSP 03028, Ukraine
The scintillation index is obtained for the practically important range of weak and moderate
atmospheric turbulence. To study this challenging range, the Boltzmann-Langevin kinetic equation,
describing light propagation, is derived from first principles of quantum optics based on the technique
of the photon distribution function (PDF) [G. P. Berman et al., Phys. Rev. A 74, 013805 (2006)].
The paraxial approximation for laser beams reduces the collision integral for the PDF to a two-
dimensional operator in the momentum space. Analytical solutions for the average value of PDF
as well as for its fluctuating constituent are obtained using an iterative procedure. The calculated
scintillation index is considerably greater than that obtained within the Rytov approximation even
at moderate turbulence strength. The relevant explanation is proposed.
I. INTRODUCTION
Physics of light beam propagation in the Earth’s at-
mosphere is of great interest for scientists and engineers,
see [1–5]. This interest arises from applications in quan-
tum and classical communications and remote sensing
systems. The latest achievements in this field concern
problems of quantum key distribution [6, 7], propagation
of entangled [8–10] and squeezed [11, 12] states, quantum
nonlocality [13, 14], quantum teleportation [15, 16], tests
of fundamental physical laws [17, 18]. In all these cases,
random variations of the atmospheric refraction index
distort the phase front of radiation causing intensity fluc-
tuations (scintillations), beam wandering and increasing
beam spreading. Scintillations are the most severe prob-
lem which manifests itself in a significant reduction of
the signal-to-noise ratio (SNR) introducing degradation
of the performance of laser communication systems.
A laser beam in the Earth atmosphere is affected by
turbulent eddies. Randomly distributed eddies stand for
sources of local index-of-refraction fluctuations. There
are numerous beam-eddies “collisions” in the course of
long-distance propagation. As a result, the radiation
gradually acquires the Gaussian statistics. The scintil-
lation index, σ2, which is defined in classical optics as
the inverse SNR, asymptotically approaches the level of
σ2 = 1. In this case, the intensity fluctuations are re-
ferred to as saturated [19].
Scintillations are of importance for design of reliable
classical and quantum optical communication systems
[20, 21], remote sensing systems [22, 23], and adaptive
optics [24]. This field of research has also application in
atmospheric physics, geophysics, ocean acoustics, plan-
etary physics, and astronomy [25]. The theoretical de-
scription of scintillation phenomena faces with the in-
creasing computational complexity when one considers
the parameter region of maximal optical beam inten-
sity fluctuations. In order to overcome this problem
several phenomenological and semi-phenomenological ap-
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proaches were developed, which utilize the intensity dis-
tribution functions [26], phase screens [27], turbulence
spectrum approximation [28]. The existing rigorous first-
principles approaches, such as the method of smooth
perturbations (Rytov approximation) [1], the Huygens-
Kirchhoff method [29], the path-integral method [30], are
applicable merely to the asymptotic regimes of weak and
strong optical turbulences. At the same time, maximum
scintillations lay in the region of moderate turbulence.
The range of moderate turbulence is the most challeng-
ing for rigorous theoretical study. First, the transition
from statistics of coherent laser beam to the Gaussian
statistics lies just in this region. Second, strong correla-
tions of photon trajectories, which considerably enhance
scintillations [31], should also be taken into account here.
A combined effect of these important factors can lead to
maximal scintillations. Such effect clearly manifests itself
in various experiments where this maximum may consid-
erably exceed the level of saturation [19, 32, 33].
In the present paper we introduce for a first-principle
approach for the description of weak and weak-to-
moderate turbulence regimes, which remain the most
challenging for the analysis. The method is based on
the technique of the photon distribution function (PDF)
[34], which is derived from the first principles of quantum
optics.This method is applicable for an arbitrary quan-
tum state of the light including coherent states, which
describe laser-radiation fields.
The PDF is an operator-valued function, fˆ(r,q), of
the position r and the wave vector q. It retains the con-
cept of the Wigner function [35] such that the integra-
tion with respect to q or r results in the field intensity
operator Iˆ(r) or the photon-number operator nˆ(q), re-
spectively. The PDF can be found as a solution of the
kinetic equation that accounts for random variations of
the refractive index in the atmosphere. This approach
has been originally introduced in the solid state physics
(see, for example, Ref. [36]) and has also been success-
fully applied for a description of quantum radiation in
waveguides [37, 38].
Application of the PDF method to the light propaga-
tion in the turbulent atmosphere has been considered in
Refs. [31, 34, 39]. It utilizes the approximation of the
2smoothly varying random force and is applicable only
for restricted values of the turbulence parameters. In
the present paper we derive a more general kinetic equa-
tion for the PDF introducing the collision integral and
Langevin source of fluctuations. An approximate solu-
tion of this equation enables us to describe the beam
characteristics beyond the Rytov approximation at the
moderate range of turbulence, which was unreachable
with the previous techniques.
To stress the significance of the present paper, it is
worthwhile to recall the words of Dashen [30]. He consid-
ers “the detailed behavior of the wave field at the bound-
aries between the unsaturated and saturated regimes”
“the remaining problem” in the physics of scintillation
phenomena. We hope that our paper as well as the pre-
vious one [31] provide a deeper insight into physics and
the theoretical description of this important region.
The rest of this paper is organized as follows. In Sec. II
we give a brief review of the method of the PDF method.
In Sec. III and Appendix A, we explain the derivations
of the collision integral and the corresponding Langevin
source. In Sec. IV and Appendix B, we obtain an ana-
lytical formula for the scintillation index which is repre-
sented by a many-fold integral. In Sec. V, the results of
numerical simulations are discussed. Concluding remarks
are given in Sec. VI.
II. PHOTON DISTRIBUTION FUNCTION
The photon distribution function is defined in analogy
to the widely used solid state physics distribution func-
tions [36] (the distributions for electrons, phonons, etc).
This function is given by, see Ref. [40],
fˆ(r,q, t) =
1
V
∑
k
e−ikrb†
q+k/2bq−k/2, (1)
where b†q and bq are bosonic creation and annihilation
operators of photons with the wave vector q; V ≡
LxLyLz ≡ SLz is the normalizing volume. We consider
the laser beam propagating along the z axis in the parax-
ial approximation. For this case the initial polarization
of the beam remains almost undisturbed for a wide range
of propagation distances, cf. Ref. [41].
The operator fˆ(r,q, t) describes the photon density
in the phase space (PDF in r−q space). We consider
the scenario with characteristic sizes of spatial inhomo-
geneities of the radiation field being much greater than
the optical wavelength λ = (2pi/q0); here q0 is the wave
vector corresponding to the central frequency of the ra-
diation, ω0 = cq0. In this case, it is reasonable to restrict
the sum in Eq. (1) by the range of small k, i.e. k < k0
such that the inequality k0 ≪ q0 is satisfied. At the same
time the value of k0 should be large enough to provide a
desired accuracy for the description of the beam profile.
Evolution of the PDF fˆ(r,q, t) is governed by the
Heisenberg equation
∂tfˆ(r,q, t) =
1
i~
[fˆ(r,q, t), Hˆ ], (2)
where
Hˆ =
∑
q
~ωqb
†
qbq −
∑
q,k
~ωqnkb
†
qbq+k (3)
is the Hamiltonian of photons in a medium with a fluc-
tuating refraction index n(r) = 1 + δn(r), where δn(r)
stands for fluctuating part representing atmospheric in-
homogeneity. The quantities ~ωq = ~cq and cq =
∂ωq
∂q
are the photon energy and photon velocity in vacuum,
nk is the Fourier transform of the fluctuating refraction
index δn(r) is defined by
nk =
1
V
∫
dV eikrδn(r). (4)
By substituting the Hamiltonian (3) into Eq. (2), the
latter is rewritten as
∂tfˆ(r,q, t) + cq · ∂rfˆ(r,q, t) − iω0
V
∑
k,k′
e−ik·rnk′
×[b†
q+k
2
bq− k
2
+k′ − b†q+ k
2
−k′
bq−k
2
]
= 0. (5)
The first two terms in the left-hand side describe free-
space propagation of a laser beam and the last term
arises from atmospheric inhomogeneity. The latter can
be replaced by F(r) · ∂qfˆ(r,q, t) if three components of
the turbulence wave vectors k′ are much smaller than
the corresponding characteristic values of q, i.e. we can
express the difference of functions in square brackets in
Eq. (5) by the corresponding derivative. The quantity
F(r) = ω0∂rn(r) is interpreted as a random force pro-
duced by atmospheric vortices [34]. With this force Eq.
(5) takes the form of the kinetic equation
∂tfˆ(r,q, t)+cq ·∂rfˆ(r,q, t)+F(r) ·∂q fˆ(r,q, t) = 0. (6)
This equation resembles the collisionless Boltzmann
equation with a smoothly varying momentum-
independent force F(r) acting on point-like particles.
The technique of the PDF (see Refs. [31, 34, 37–
39, 42, 43]) is convenient for obtaining average param-
eters of the beam as well as for the description of wave-
field fluctuations. The distribution function describes
the photon density in the configuration-momentum phase
space. A solution of the kinetic equation (6) with a
smoothly varying fluctuation force has been obtained in
Refs. [31, 34, 39, 42, 43]. This simplified physical pic-
ture is justified only if the photon momentum [44], q, is
much greater than the inverse size of eddies. All compo-
nents of q should obey this requirement. In the paraxial
approximation, the perpendicular components of photon
wave vector, q⊥, increase with the propagation time t
as t1/2 [34] and the beam inevitably reaches the region
of saturated scintillations if t→∞. This indicates that
3Refs. [34, 36, 39, 42, 43] consider the strong turbulence
regime, including the limiting case of saturation, rather
than the regime of a weak turbulence. The range, where
the random force can be considered as smoothly varying
function, extends towards smaller distances if the phase
diffuser is used. The reason for this is that the phase dif-
fuser increases the characteristic values of q⊥; see Refs.
[34, 45, 46] for more details.
III. BOLTZMANN-LANGEVIN EQUATION
The scheme for derivation of the kinetic equation (6),
outlined in previous section, can be justified when all
components of photon wave vector q are sufficiently
large. The corresponding situation occurs for long-
distance propagation or strong turbulence (see, for ex-
ample, Sec. VI in [34]). It should be emphasized that
it is just the case when the direct computer simulation
of beam propagation becomes problematic [47]. In what
follows, we describe more general approach which is free
from this undesirable restriction.
In the kinetic equation (5) the last left-hand-side term
describes process of photon “collisions ” with atmo-
spheric inhomogeneities. The amplitude of this process
is determined by nk′ which is a random quantity with
〈nk′〉 = 0. Two operators in square brackets of Eq. (5)
also depend on k′. Their explicit dependence on the ran-
dom refraction index can be obtained from the Heisen-
berg equations. One of them is given by
{
∂t − i
(
ωq+k
2
− ωq−k
2
+k′
)}
b†
q+k
2
bq−k
2
+k′ =
iω0
∑
k′′
nk′′
[
b†
q+k
2
bq−k
2
+k′+k′′ − b†q+k
2
−k′′
bq−k
2
+k′
]
.(7)
Its solution can be written as
b†
q+k
2
bq−k
2
+k′
∣∣∣∣
t
= e
i(ω
q+ k
2
−ω
q− k
2
+k′
)(t−t0)
(
b†
q+k
2
bq−k
2
+k′
) ∣∣∣∣
t0
+iω0
∑
k′′
t∫
t0
dt′e
i(ω
q+ k
2
−ω
q− k
2
+k′
)(t−t′)
nk′′
×
(
b†
q+k
2
bq− k
2
+k′+k′′ − b†q+k
2
−k′′
bq−k
2
+k′
)∣∣∣∣
t′
, (8)
where the subscripts t0 and t
′ indicate the dependence of
the corresponding operators on time.
In Eq. (8) the interval t − t0 is chosen to be large
compared with the photon-eddy interaction time pi/ck′
and sufficiently short compared with the relaxation time
1/ν caused by these interactions:
pi/ck′ ≪ t− t0 ≪ 1/ν. (9)
Here ν is the collision frequency and the quantity 1/k′ de-
scribes the characteristic length of atmospheric inhomo-
geneities. In other words, the time hierarchy (9) means
that the duration of photon interaction with scatterers is
much shorter than the time of free flight. This is a typical
criterion ensuring applicability of the Boltzmann equa-
tion for the description of many-particle systems (see,
for example, Ref. [36]) .
Substituting Eq. (8) and a similar solution for the op-
erator b†
q+k
2
−k′
bq−k
2
∣∣
t
into Eq. (7) we obtain the kinetic
equation for fˆ(r,q, t)
∂tfˆ(r,q, t) + cq · ∂rfˆ(r,q, t) = Kˆ(r,q, t)− νˆq
{
fˆ(r,q, t)},
(10)
where
Kˆ(r,q, t)=
iω0
V
∑
k,k′
e−ik·rnk′
[
e
i(ω
q+k
2
−ω
q−k
2
+k′
)(t−t0)(
b†
q+ k
2
bq−k
2
+k′
)∣∣
t=t0
−ei(ωq+ k2−k′−ωq− k2 )(t−t0)(b†
q+k
2
−k′
bq−k
2
)∣∣
t=t0
]
,
(11)
νˆq
{
fˆ(r,q, t)} = 2piω
2
0
c
∫
dk′⊥ψ(k
′
⊥)
(
fˆ(r,q, t) − fˆ(r,q + k′⊥, t)
)
. (12)
The notation (⊥) indicates components of the cor-
responding vector perpendicular to the z-axis, and
ψ(k′⊥) =
V
(2pi)3 〈|nk′⊥ |2〉. The value of ψ(k) is given by
the von Karman formula
ψ(k) = 0.033C2n
exp(−(kl0/2pi)2)
(k2 + L−20 )
11/6
, (13)
where the structure constant C2n describes the strength
of the index-of-refraction fluctuations, whereas L0 and
l0 are usually referred to as the outer and inner radii of
the turbulent eddies, respectively. These radii restrict a
range of characteristic values of k′⊥. In atmospheric tur-
bulence, L0 may range from 1 to 100 m, and l0 is on the
order of few millimeters. It is seen from Eqs. (10)-(13)
that the random quantity Kˆ(r,q, t) linearly depends on
nk′ , while νˆq depends only on a regular variable 〈|nk′
⊥
|2〉.
The contribution of fluctuating part of nk′nk′′ can be ne-
glected (for more details see Appendix A).
The linear inhomogeneous equation (10) governs the
evolution of photon distribution in the phase space. The
4term νˆq
{
fˆ(r,q, t)} describes dissipation of the distribu-
tion function caused by randomization of the photon
wave vector q⊥. The term “dissipation” does not mean
here that the total number of photons decreases. Actu-
ally, after summing up the collision term (12) over q we
get zero, which indicates that the photon number is con-
served. The collision frequency ν can be estimated by
2piω20
c ψ(k
′
⊥)k
′2
⊥ , where k
′
⊥ is the characteristic value of the
momentum transfer.
The Langevin source of fluctuations in Eq. (10) is rep-
resented by Kˆ(r,q, t). Random photon-eddy “collisions”
(see Refs. [36] and [48]) generate the Langevin source.
Within the time interval, restricted by the inequality (9),
the constituents in the right-hand side of Eq. (11) have a
simple oscillating dependence on time. Due to this favor-
able circumstance, the calculation of two-time correlation
function 〈Kˆ(r,q, t)Kˆ(r′,q′, t′)〉 reduces to obtaining the
average value of the operator products defined at the
same time, t0. The source vanishes after averaging of
Eq. (10). Then the remaining homogeneous equation for
〈fˆ(r,q, t)〉 can be used for obtaining parameters of the
beam at any distances.[In what follows, we use f(r,q, t)
notation for 〈fˆ(r,q, t)〉]. For long-distance propagation,
where
q⊥ ≫ k′⊥, (14)
the collision integral reduces to the differential form
νˆq
{
fˆ(r,q, t)} = −piω
2
0
c
∫
dk′⊥ψ(k
′
⊥)
(
∂
∂q
k′⊥
)2
fˆ(r,q, t),
(15)
which describes a diffusion-like motion in the wave vector
space.
The kinetic equation with Kˆ(r,q, t) = 0 and the col-
lision term, which is similar to (15), was used in Refs.
[49] and [50] to investigate the propagation of relativis-
tic charged particles through an inhomogeneous medium
(for example, through a foil). The similarity arises
from equivalence of the small-scattering-angle approxi-
mation, used in Refs. [49], [50], and the paraxial ap-
proximation, used in this paper. Although the linear
energy-momentum relationship holds for both the pho-
tons and ultrarelativistic particles, the microscopic scat-
tering mechanisms are different for those cases.
IV. SCINTILLATION INDEX
Equation (10) can be used to study the effect of pho-
ton multiple scattering on their distribution in the phase
space. Summation of fˆ(r,q, t) over q results in a spatio-
temporal photon distribution
Iˆ(r, t) =
∑
q
fˆ(r,q, t), (16)
which includes an average value, 〈Iˆ(r, t)〉 ≡ I(r, t), and
fluctuations, δIˆ(r, t),
Iˆ(r, t)=I(r, t) + δIˆ(r, t)
=
∑
q
f(r,q, t) +
∑
q
δfˆ(r,q, t), (17)
where δfˆ(r,q, t) = fˆ(r,q, t)− f(r,q, t).
To obtain I(r, t), one needs to solve averaged Eq. (10),
accounting for the boundary conditions at the aperture
plain and using 〈Kˆ(r,q, t)〉 = 0.
The scintillation index is defined by
σ2 =
〈: δIˆ2(r) :〉
I(r)2
=
〈: Iˆ2(r) :〉 − I(r)2
I(r)2
, (18)
where the symbol {: .. :} means the normal ordering of
the creation and annihilation operators. The definition
(18) does not include contribution of shot noise. This
noise enters the fluctuations of the detector counts and
tends to be important in problems of quantum optics.
The shot-noise term is linear in the photon density. It can
be easily excluded from experimental data to facilitate
the comparison with the theoretical calculation.
Calculation of Eq. (18) is more intricate. It follows
from Eqs. (17) and (18) that σ2 is a quadratic form
of PDF fluctuations, 〈δfˆ(r,q, t)δfˆ (r′,q′, t′)〉. Hence, the
calculation of σ2 is possible if the correlation function of
photon distributions is known. To simplify the problem,
we use an approximate iterative scheme.
A. First order approximation
The approximation is based on the assumption that
close to the transmitter aperture the collision term does
not perturb significantly PDF and can be omitted. In
this case, the average value of PDF satisfies the equation
(∂t + cq · ∂r)f0(r,q, t) = 0. (19)
The fluctuating part of δfˆ(r,q, t) is governed by the sim-
ilar equation supplemented with the Langevin source Kˆ
(∂t + cq · ∂r)δfˆ(r,q, t) = Kˆ(r,q, t). (20)
Equations (19) and (20) follow from Eq. (10) after
replacing fˆ by f0 + δfˆ . The Langevin source linearly
depends on nk⊥ while the neglected collision integral is
quadratic in nk⊥ . Therefore, Eqs. (19) and (20) can be
interpreted as the lowest-order expansions of Eq. (10)
in powers of nk⊥ . The general solution of Eq. (20) is
represented by two terms
δfˆ(r,q, t) = δfˆ0(rq(t
′),q, t′)|t′=0 + δfˆ1(r,q, t),
where rq(t
′) = r− cq(t− t′) and
δfˆ1(r,q, t) =
t∫
0
dt′Kˆ(rq(t
′),q, t′). (21)
5We consider the aperture plane as a starting points of
photon trajectories (at t′ = 0). The paraxial approxi-
mation imposes a set of restrictions on the wave-vectors:
qz∼q0≫q⊥, k⊥, k′⊥. Then zq(t′ = 0) = z − ct = 0.
The term, δfˆ0(rq(t
′),q, t′)|t′=0, describes the evolu-
tion of PDF fluctuations in vacuum. In what follows,
we neglect fluctuations of the incident light. In this case
δfˆ0(rq(t
′),q, t′)|t′=0 = 0 and only the term, δfˆ1(r,q, t),
is responsible for the non-zero amount of the scintillation
index, σ2, at small propagation time t. It is given by
σ2 =
∑
q,q′〈: δfˆ(r,q, t)δfˆ(r,q′, t) :〉
(
∑
q f0(r,q, t))
2
=
∑
q,q′
t∫
0
t∫
0
dt′dt′′〈: Kˆ(rq(t′),q, t′)Kˆ(rq′(t′′),q′, t′′) :〉
(
∑
q f0(r,q, t))
2
, (22)
where
f0(r,q, t) = f0(rq(0),q, 0),
∑
q
f0(r,q, t) ≡ I0(r, t) = 1
V
∑
q,k
e−ik(r−cqt)〈b†
q+ k
2
bq−k
2
〉|t=0. (23)
The first equation in (23) means that the left-hand-side
term satisfies both the collisionless kinetic equation (19)
and the boundary conditions at the aperture. The value
of I0(r, t) is equal to photon density in the absence of
turbulence.
The numerator in the right-hand side of Eq. (22) can
be calculated using the explicit term (11) for Kˆ(r,q, t)
and meeting boundary conditions (see App. B). Then
the scintillation index linearly depends on 〈|nk⊥ |2〉 and
reduces to
σ2 = σ21L(z, ρ0, ρ1), (24)
where σ21 = 1.23C
2
nq
7/6
0 z
11/6 is the Rytov variance, ρ20,1 =
r20,1q0/z, r0 is initial radius of the beam, r
2
1 = r
2
0/(1 +
2r20λ
−2
c ), the quantity λc describes the effect of the phase
diffuser, and L(z, ρ0, ρ1) is the double integral
L(z, ρ0, ρ1) = 4.24
1∫
0
dτ
∞∫
0
dχχ−8/3 exp
{
− χ2
[
q0l
2
0
4pi2z
+
(25)
τ2
ρ20 + ρ
2
1
4 + ρ20ρ
2
1
]}
sin2
(
τχ2
2
− 2τ
2χ2
4 + ρ20ρ
2
1
)
.
Equations (24) and (25) were derived in [34] using a dif-
ferent approach. It follows from these equations that
in the limit of large initial radius of beam aperture
(ρ0, ρ1→∞) and infinitely small inner scale of turbulence
(l0→ 0), we have the result of Rytov theory (σ2 = σ21) be-
cause L→ 1.
B. Collision term in average intensity
The numerator as well as the denominator in Eq. (22)
are derived using only first non-vanishing iterative terms.
Extension of the theory towards a moderate turbulence
requires accounting for the collision term −νˆ{fˆ(r,q, t)}.
Following the iterative procedure, we substitute the ap-
proximate value of PDF, given by Eq. (23), into the col-
lision term of Eq. (10). Then the right-hand side of Eq.
(10) is considered as a known function. After averaging
the modified equation, we obtain
(∂t + cq · ∂r)f1(r,q, t) = −νˆq
{
f0(r,q, t)}, (26)
where f1 is the first non-vanishing term generated by the
collision integral. Solution of Eq. (26), obeying zero-
value boundary conditions, is given by
f1(r,q, t) = −
t∫
0
dt′νˆq{f0(rq(t′),q, t′)}. (27)
The contribution of f1(r,q, t) into the total photon den-
sity is given by
I1(r, t) ≡
∑
q
f1(r,q, t) = −ω
2
0t
cS
∑
q,k,k′
⊥
〈|nk′
⊥
|2〉e−ik(r−cqt)
×
[
1− sin(kck
′
⊥
t)
kck′
⊥
t
]
〈b†
q+ k
2
bq−k
2
〉|t=0. (28)
Equation (28) accounts for the beam broadening caused
by atmospheric eddies. Averaging of each factor in the
sum can be performed independently because of the ab-
sence of correlations between the source fluctuations and
the refractive index fluctuations.
Two quantities, I0(r, t) and I1(r, t), are zeroth- and
first-order terms of the development of average photon
density in powers of 〈|nk⊥ |2〉, respectively.
6C. Second order δfˆ2 and combined effect of
fluctuations δfˆ1·δfˆ2
The second iterative term for fluctuations of PDF, δfˆ2,
obeys the equation
∂tδfˆ2(r,q, t) + cq · ∂rδfˆ2(r,q, t) = −νˆq{δfˆ1(rq,q, t)},
(29)
where the function δfˆ1, given by Eq. (21), enters the
collision term. Solution of Eq. (29) is
δfˆ2(r,q, t) = −
t∫
0
dt′νˆq{δfˆ1(rq(t′),q, t′)}, (30)
were the explicit form of the collision integral is given by
νˆq{δfˆ1(rq(t′),q, t′)} = Lzω
2
0
c
∑
k′
⊥
〈|nk′
⊥
|2〉
× [δfˆ1(rq(t′),q, t′)− δfˆ1(rq(t′),q+ k′⊥, t′)]. (31)
To proceed, let us consider a combined effect of fluctua-
tions δfˆ1,2(r,q, t) on σ
2. Contributions of δfˆ1,2 into the
photon density are given by
∑
q
(δfˆ1(r,q, t)+ δfˆ2(r,q, t)).
This sum includes linear and cubic in nk⊥ terms. The
average square of this sum includes the term
∑
q,q1
〈δfˆ1(r,q, t)·δfˆ2(r,q1, t) + δfˆ2(r,q, t) · δfˆ1(r,q1, t)〉
= 2
∑
q,q1
〈δfˆ1(r,q, t) · δfˆ2(r,q1, t)〉 (32)
which is quadratic in 〈|nk⊥ |2〉. For obtaining σ2, we use
this term and neglect terms of order O(〈|nk⊥ |2〉3). Then
using Eqs. (21) and (30) we obtain the explicit expression
for Eq. (32). It is given by
2
∑
q,q1
〈δfˆ1(r,q, t) · δfˆ2(r,q1, t)〉
=
2ω40
c2S2
∑
q,k,k′
q1,k1,k
′′
〈|nk′ |2〉〈|nk′′ |2〉
t∫
0
dτ
×
t∫
τ
dτ1e
−ik·(r−cqτ)−ik1·(r−cq1τ1)
× [1− e−ik·ck′τ)][1− eik·ck′′τ1)][1− e−ik1·ck′′τ1)]
× 〈b†
q+k/2b
†
q1+k1/2
bq−k/2+k′′bq1−k1/2−k′′
〉∣∣
t−τ1
,(33)
where the operators in the angle brackets depend on
time as in the absence of turbulence.
The summation in Eq. (33) runs over components of
vectors q,q1,k,k1,k
′,k′′ which are perpendicular to the
z-axis (the labels (⊥) are omitted for brevity). Parallel
to the z-axis components are given by
qz = q1z = q0, kz = k1z = k
′
z = k
′′
z = 0. (34)
The relations (34) can be derived from Eq. (B.3).
The conditions k′z = k
′′
z = 0 are consistent with the
Markov approximation [1], [51] (not used here!) in which
the index-of-refraction fluctuations, δn(r), are assumed
to be delta-function correlated in the direction of propa-
gation:
〈δn(r⊥, z)δn(r′⊥, z′)〉 ∼ δ(z − z′).
In this case, the turbulent eddies look like flat disks ori-
ented normally to the propagation path. At first sight,
this representation of the correlation function seems un-
realistic because the atmosphere is assumed to be sta-
tistically homogeneous and isotropic. The paradox is
explained by the effect of relativistic length contraction
(Lorentz contraction) of moving objects. The relative
motion of the atmosphere towards photons results in a
zero value of correlation length in the direction of motion.
The effect of turbulence comes only from “diagonal”
components 〈|nk′
⊥
|2〉 and 〈|nk′′
⊥
|2〉 of the correlation func-
tion. As before, this is the result of statistical homogene-
ity of the turbulent atmosphere.
The final result of this Section is represented by
σ2 =
∑
q,q1
〈δfˆ1(r,q, t)[δfˆ1(r,q1, t) + 2δfˆ2(r,q1, t)]〉(∑
q
f0(r,q, t)+f1(r,q, t)
)2 ,
(35)
where the numerator and denominator are defined by
Eqs. (22)-(25), (28), (32)-(34) and (B.3)-(B.5). Bringing
together analytical and numerical calculations, we obtain
σ2 for different experimental conditions. Also, it is pos-
sible to compare the scintillation index obtained by em-
ploying different numbers of iteration steps as described
in this section.
V. RESULTS AND DISCUSSION
A complete theory of scintillations does not exist yet.
At the same time, there are well-justified solutions in
the limiting cases of weak (σ21 ≪ 1) and strong (σ21 ≫ 1)
turbulences. The kinetic equation, in which a beam scat-
tering is described by the collision integral, is applicable
for any Rytov variance σ21 with the exception of a very
short distance equal to the typical eddy size. An exact
solution of this equation is problematic. Therefore, we
restrict the numerical solution to a moderate values of
σ21 (σ
2
1 ≤ 0.85, see shaded area, in Fig. 1, and σ21 ≤ 0.75
for the other figures) and use the iteration scheme de-
scribed in Sec. IV. At the same time this parameter is
appreciably greater than the range of the Rytov approach
validity σ21 < 0.3 [51].
Figure 1 compares the scintillation index calculated
within the Boltzmann-Langevin approach with other the-
oretical approaches and with the typical experimental
data, adopted from Consortini et al. [32]. Although
the original data of Ref. [32] are collected for spherical
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FIG. 1. (Color online) Scintillations as function of Rytov
parameter. Results for different theoretical approaches qual-
itatively compared with experimental data. There are theo-
retical results of current paper (solid line) [Eq. (35) ], Ry-
tov approach (dotted line) [Eq. (24) ], asymptotic formulas
for Huygens-Kirchhoff method [29] (dashed lines) and the re-
sults of approach that the authors developed in Ref. [31]
(dash-dotted line). The inset shows the typical experimental
σ2 for the considered atmospheric conditions (adopted from
Ref. [32] for 4mm < l0 ≤ 7mm ). Parameters for theories:
l0 = 6.3mm, q0 = 1.29 × 10
7 m−1, r0 = 0.01m, z = 1200m.
The shaded area shows the parameter region considered in
the current article.
waves while theory deals with plane waves, we propose
a qualitative comparison of results to illuminate pecu-
liarities of scintillations and advantages of our method
for their description. Naturally, for small values of the
Rytov parameter ( σ21 ≤ 0.25) our result coincides with
the asymptotics for the Huygens-Kirchhoff method and
Rytov-like method, but differs dramatically for the larger
values showing the same increasing tendency as experi-
mental data in a weak-to-moderate turbulence regime.
For the sake of completeness we also provide theoret-
ical results from the side of large values of Rytov pa-
rameter calculated within the approach of Ref. [31] and
the Huygens-Kirchhoff approach. We observe that the
Huygens-Kirchhoff method presents only a limited de-
scription for strong turbulence, while results of the ap-
proach from Ref. [31] shows better description of scintil-
lation index going deeper to the range of moderate tur-
bulences. Moreover, the results of Ref. [31] show the
tendency to mesh with the results of current paper plau-
sibly repeating the overall behavior of scintillations in the
cited experiment.
To take a closer look at our results we provide a com-
parison with the results of the Rytov approach under
different configurations of atmospheric channel ( Fig. 2).
Again for small values of σ2, there is a good agreement
for data obtained within the two approaches (enlarged
shaded area at lower graph) and for greater values of σ2
we can see not only numerical inconsistencies, but also
different tendencies of σ2(z, C2n) to grow for considered
cases. The comparison with the results of the previous
FIG. 2. (Color online) Scintillation index for coherent beams
vs. propagation distance z. On the upper graph dash-dotted
curves are obtained using the Rytov approach [Eq. (24)];
solid curves are obtained with the account for the collision
term [Eq. (35)]; dashed curves display the results obtained
in Ref. [31] (see their Fig. 1 and 2), where the correlation
of photon trajectories is accounted for. Shaded area at
upper graph is enlarged and depicted on lower graph. Inner
turbulence scale l0
2pi
= 10−3 m and the optical wavelength
q0 = 10
7 m−1.
paper [31] for moderate-to-strong turbulence regime dis-
plays the tendency for matching at some intermediate
region. It also demonstrates that maximum of σ2 should
be situated at shorter distances z if the structure con-
stant, C2n, is larger. This result can be easily foreseen in
view of the fact that strong photon-turbulence interac-
tion approaches the crossover to the Gaussian statistics.
One more aspect taken under consideration is the de-
pendence of scintillations on the initial radius of laser
beam. Figure 3 illustrates the behavior of the scintilla-
tion index in the regions adjoining the extremum of σ2.
8FIG. 3. (Color online) Scintillation index for coherent beam
vs. propagation distance z for different initial radii of the
beam. The rest of the parameters are the same as in Fig. 2.
The curves from the left side are obtained using the present
approach [Eq. (35)]; the curves from the right side are ob-
tained using the approach developed in Ref. [31].
We can see that the initial growth of σ2 is steeper in the
case of smaller initial radii r0. This is due to stronger cor-
relation of photon trajectories: the correlation is more
pronounced for small r0 [31]. This is easily explained
since if the trajectories are closer to each other, then the
probability for different photons to be scattered by the
same eddy is greater. This is the case when a random
scattering generates photon-photon correlations.
Figure 4 can be used for explanation of the physi-
cal mechanism responsible for the increase of σ2 in the
range σ21 ≤ 0.75. The solid lines are obtained using Eq.
(35). The data shown by the dash-dot line are obtained
from the same expression considering δfˆ2 = 0. There is
only a small difference between the corresponding pairs
of curves. Therefore, the major part of the discrepancy
of our results for σ2 from the results based on the Rytov
approximation is due to the decrease of the photon den-
sity caused by the turbulence. This decrease is described
by the term f1 in the denominator of (35).
VI. CONCLUSION
For decades, the description of light propagation in a
turbulent atmosphere has remained a challenging theo-
retical problem. The interconnection between the initial
and the detected signals, obtained theoretically, is not
sufficient for the description of atmospheric communica-
tion system efficiency. The point is that the detected
signal has a memory about random scattering events oc-
curred in the course of propagation. Therefore, even
for the statistically homogeneous and stationary atmo-
sphere, the received signal varies (fluctuates) for different
FIG. 4. (Color online) Scintillation index as a function of
propagation distance z calculated with (solid) and without
(dashed) accounting of contribution δfˆ2. The parameters are
the same as in Fig. 2.
paths. The size of these fluctuations is described by the
scintillation index.
By definition, the scintillation index is expressed via
the correlation functions of the photon distribution. The
kinetic equation for the distribution function and its
fluctuating part is derived here from first principles.
Their solutions are obtained using the iteration proce-
dure which is applicable for short propagation distances
or small turbulence structure factors. In our analysis,
we use the paraxial approximation for beams. This ap-
proximation reduces the problem to the case of a two-
dimensional wave vector domain and simplifies the col-
lision integral as well as correlation functions of the
Langevin sources.
Concluding, we think that further progress in the prob-
lem of scintillations lies in the improvement of our ability
to carry out complex multiple integrations.
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Appendix A: The collision integral
The collision integral (12) can be derived using the
standard procedure. Nevertheless, some explanations are
required. The derivation of Boltzmann-like kinetic equa-
tions is based on the assumption of a negligibly short
interaction time of individual particles (photons) with
scatterers.
9The corresponding criteria are given by Eq. (9). The other point concerns the explicit form of the scattering
probability. For our case, the collision process is described by the operator
Jˆ = −iω0
V
∑
k,k′
e−ik·rnk′
[
b†
q+k
2
bq−k
2
+k′ − b†q+k
2
−k′
bq−k
2
]
, (A.1)
(see Eq. (5)). Using the quantity b†
q+k
2
bq−k
2
+k′ , given by Eq. (8), we rewrite Eq. (A.1) as
Jˆ = −Kˆ(r,q, t) + ω
2
0
V
∑
k,k′,k′′
nk′nk′′
t∫
t0
dt′e−ik·r
[
e
i(ω
q+ k
2
−ω
q− k
2
+k′
)(t−t′)(
b†
q+k
2
bq−k
2
+k′+k′′ − b†q+k
2
−k′′
bq−k
2
+k′
)
(A.2)
−ei(ωq+k2−k′−ωq− k2 )(t−t
′)(
b†
q+k
2
−k′
bq−k
2
+k′′ − b†q+ k
2
−k′−k′′
bq−k
2
)]∣∣∣∣
t′
= −Kˆ(r,q, t) + ˆ˜J,
where the second term in square brackets is derived from the first one by replacing q → q− k′ in the first one, and
the interval t− t0 satisfies the condition (9).
Products of nk′nk′′ and b
†b in Eq. (A.2) have a fluctuating nature. In what follows, we will neglect correlations
between the corresponding subsystems. In this case we may consider them separately.
The quantity nk′nk′′ contains a nonzero average constituent and a fluctuating part. Let us consider the product
nk′nk′′ in more details. By definition
nk′nk′′ =
1
V 2
∫ ∫
drdr1e
i[k′·r+k′′·r1]δn(r)δn(r1) =
1
V 2
∫ ∫
dRdsei(k
′+k′′)·R+i(k′−k′′)·s/2δn(R+
s
2
)δn(R− s
2
), (A.3)
where R = (r+ r1)/2, s = r− r1. The range of s . lcorr, where the correlation length lcorr is comparable with the
eddies size, provides a dominant contribution into the average part of the integral (A.3). In spatially homogeneous
mediums, the quantity 〈δn(R+ s2 )δn(R− s2 )〉 does not depend on R and the characteristic values of |k′ − k′′| are
restricted by 1/lcorr.
The characteristic value of R is of the order of the system size L. In this case |k′+k′′|∼1/L tends to zero if L→∞.
This means that the relation k′ = −k′′ holds at any practically important values of k′ and k′′. Thus we have
〈nk′nk′′〉 = 1
V
δk′,−k′′
∫
ds
∫
dR
V
eik
′·s〈δn(R + s
2
)δn(R − s
2
)〉
= δk′,−k′′
∫
ds
V
eik
′·s〈δn(s)δn(0)〉
= δk′,−k′′〈n(r)n(0)〉k′ = δk′,−k′′〈|nk′ |2〉. (A.4)
The angle brackets mean averaging over the volume V , which is assumed to be much greater than the correlation
volume l3corr. Such averaging is equivalent to averaging over different configurations of turbulent atmosphere.
The substitution of δk′,−k′′〈|nk′ |2〉 for nk′nk′′ in Eq. (A.2) transforms the second term there to
ˆ˜J =
ω20
V
∑
k,k′
〈|nk′ |2〉
∫ t
t0
dt′e−ik·r
[
e
i(ω
q+ k
2
−ω
q− k
2
+k′
)(t−t′)(
b†
q+ k
2
bq−k
2
− b†
q+k
2
+k′
bq− k
2
+k′
)
−ei(ωq+k2−k′−ωq− k2 )(t−t
′)(
b†
q+ k
2
−k′
bq−k
2
−k′ − b†q+k
2
bq−k
2
)]∣∣∣∣
t′
. (A.5)
The rest of the terms with nk′nk′′ , where k
′ 6= −k′′, have a random nature and should be added to the Langevin
source Kˆ(r,q, t). These terms contribute negligibly to Kˆ and can be neglected if Eq. (9) holds true.
For the short interval t − t0 [see (9)], the distribution function does not vary significantly and the evolution of
operators b†
q+k
2
bq−k
2
resembles the evolution in vacuum:
b†
q+k
2
bq−k
2
|t′ = e−i(ωq+k2−ωq− k2 )(t−t
′)
b†
q+k
2
bq−k
2
|t. (A.6)
The operators in the right side of Eq. (A.6) depend only on a fixed time t and the integration in Eq. (A.5) concerns
only the exponential functions
t∫
t0
dt′e−ik·re
i(ω
q+ k
2
−ω
q− k
2
+k′
)(t−t′)
b†
q+ k
2
bq−k
2
|t′ = b†q+k
2
bq−k
2
|t
t∫
t0
dt′e
i(ω
q− k
2
−ω
q− k
2
+k′
)(t−t′)
. (A.7)
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The condition (9) enables the interval t− t0 to be replaced by infinity
t∫
t0
dt′e
i(ω
q− k
2
−ω
q− k
2
+k′
)(t−t′) ≈
∞∫
0
dτe
i(ω
q− k
2
−ω
q−k
2
+k′
+iη)τ
=
i
ωq−k
2
− ωq−k
2
+k′ + iη
, (A.8)
where η → +0. Similar consideration is applicable to
each term in Eq. (A.5). Then Eq. (A.5) reduces to
ˆ˜J=
iω20
V
∑
k,k′
〈|nk′ |2〉e−ik·r
[ b†
q+k
2
bq− k
2
ωq−k
2
− ωq−k
2
+k′ + iη
−
b†
q+k
2
+k′
bq−k
2
+k′
ωq+k
2
− ωq+k
2
+k′ + iη
−
b†
q+ k
2
+k′
bq−k
2
+k′
ωq−k
2
+k′ − ωq−k
2
+ iη
+
b†
q+k
2
bq−k
2
ωq+k
2
+k′ − ωq+ k
2
+ iη
]∣∣∣∣
t
. (A.9)
In the last two terms, the value of k′ is replaced by
−k′. For paraxial beams, considered here, we can use the
approximation ωq = cq ≈ cqz, which implies a negligible
contribution of qx,y components. Then, using the relation
1
ck′z − iη
− 1
ck′z + iη
=
2pii
c
δ(k′z)
and integration over k′z , Eq. (A.9) simplifies to
ˆ˜J =
2piω20
c
∫
dk′⊥ψ(k
′
⊥)
(
fˆ(r,q, t) − fˆ(r,q + k′⊥, t)
)
,
(A.10)
where the definition (1) of PDF was used. Equation
(A.10) coincides with the collision integral νˆq
{
fˆ(r,q, t)}
represented by Eq. (12).
Appendix B: Boundary conditions for the incident
light
Calculation of concrete parameters of laser radiation is
possible if the boundary conditions for the incident light
are specified. Usually, the Gaussian distribution of the
laser field in the aperture plane is assumed
Φ(r⊥) = (2/pir
2
0)
1/2e−r
2
⊥
/r20 , (B.1)
where r0 is the aperture radius. The laser and outgoing
field should match in the aperture plane. This means
that
∑
q⊥,qz
(
2pi~ωq
V
)1/2
bqe
−iωqt+iq⊥·r⊥ = αLbΦ(r⊥)e
−iω0t,
(B.2)
where b is the amplitude of the laser mode, and the co-
efficient αL describes penetration of this field through
the aperture. As before, the paraxial approximation
(ωq ≈ cqz) can be used. Also, the requirement of syn-
chronism of both fields, restricts the left-hand side sum
with terms qz = ω0/c = q0. Then the explicit value for
bq follows from Eq. (B.2)
bq = bαL
r0√
~ω0
√
Lz
S
e−q
2
⊥
r20/4δqz ,q0 , (B.3)
which determines the boundary value of PDF:
f(r⊥, z=0,q, t) = δqz,q0b
†(t)b(t)
2αL
2
piS~ω0
e−q
2
⊥
r20/2−2r
2
⊥
/r20 .
(B.4)
The extension of Eq. (B.4) for the case of a partially
coherent beam is realized by substituting
q2
⊥
r21
2 for
q2
⊥
r20
2
[34]. Here r21 = r
2
0/(1 + 2r
2
0λ
−2
c ), and the quantity λc
describes the effect of the phase diffuser which is used
for suppression of scintillations. The mentioned modifi-
cation of the initial distribution expands the range of q⊥
variation to the values of the order pir 1 and does not affect
the spatial distribution in the r⊥-domain. The diffuser
influence vanishes in the limit of λc →∞ because in this
case r1 → r0.
In the case of r⊥ = 0, the denominator in Eq. (22) is
given by
∑
q
f0(r,q, t) =
α2Lr
2
1q0〈b†b〉
pi2~c(4 + ρ20ρ
2
1)
, (B.5)
where the derivation of (B.5) was somewhat simplified by
inserting L−10 = 0 in Eq. (13), ρ
2
0,1 = r
2
0,1q0/z.
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